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ABSTRACT 


This thesis is devoted to a study of a variety of problems in 


combinatorial analysis. 


Chapter I is devoted to a study of the following problem of Erdis 
and Rado: Let F bea family of n-sets, no k of which have pairwise 
the same intersection. What is the maximal cardinality, 9$(n,k) , of all 
such families + ? The upper bound of Erdiés and Rado, namely 


$(n,k) < ni (k-1)" is improved by a factor of approximately -. . The 
2 


value of $(2,k) is determined and new lower bounds for $(n,3) and 


o(n,4) are obtained. 


The problem of Erdés and Rado has an application to the following 
question in number theory: Denote by f(n) the largest number of integers 
that can be selected from {1,2,...,n} , no three with pairwise the same 
greatest common divisor. It is shown that f(n) < nz ‘© for every ¢€> 0, 
fre 


provided n> ne) . This improves the best previous result of f(n) <® 


obtained by Erdés in 1964. 


By an (n,h,2) graph is meant a graph with n vertices, each 
of degree at most & and in which no set of independent edges has cardinality 
greater than h. Let f(n,h,2) denote the maximum number of edges that 
any (n,h,2) graph can contain. f(n,h,2) is determined for all values 
of n, h and 2 except those for which & < 2h, & odd, and in this case 


sharp upper and lower bounds are obtained. Let f(h,%) = max £(n,h,2) 
n 


The problem of determining ¢(2,k) now becomes that of evaluating 


£(k-1,k-1) and this is evaluated exactly. This result has recently been 


obtained by N. Sauer. 
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In Chapter II we consider some generalizations of the following 
problem of Schur: What is the largest integer f(n) for which there 
exists some way of partitioning {1,2,...,f(n)} into n sets, no set 


containing a solution of the equation X, $+ X= Xs 


Let f(n) be the largest integer for which there exists some 
Way Oc partitioning, 12.2....,f(n)} into .n sets, no set containing a 
solution to the equation i a,x, = O where the a,'s are given non- 
zero integers with the property that some proper subset of the a,'s has 
zero sum. Our main result is an estimate of the lower bound for f£(n) 
and this result is then used to obtain a lower bound for f(n) fora 
number of special equations, in particular the equation x) em Xo ~ X3 = 0 


of Schur. The system of equations x gots. 2. ae) ee hed 


tans Sata es See a 
i,j j,j+l i,jt+l 
is considered in some detail and results of the estimates of f(n) for 


this system are used to obtain some new estimates for certain Ramsey numbers. 


Chapter III is devoted to the so-called property @ of a family 
of sets. A family 7 of sets is said to have property @ if there 
exists a set Bcu 2 such that BnF+9 and B}F forall Fe J. 
Erdés has raised the following question: If n and N are integers, 
N > 2n-1 , what is the least integer m, (n) for which there exists a 
family 2 of m,(n) n-subsets of a set of N elements which does not 
have property 6 , but every proper subfamily of #F has property © ? 
Erdés pointed out that m, (2) =N if N is odd and. that m, (2) does 
not exist if N is even. Here it is shown that m, (n) exists for all 


other values of n and N and some upper bounds are obtained. 
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CHAPTER I 


A PROBLEM OF ERDUS AND RADO 


Belve dL: Introduction 


Let n and k be positive integers where k > 3. Denote 
by $(n,k) the least positive integer such that if 2 is any family 
of more than $(n,k) sets, each of order n _, then some k members of 


<a have pairwise the same intersection. 


P. Erdtis and R. Rado [15] proved that for each pair of positive 


imecesers mn and k, k> 3, that o(n,k) exists. They observed that 
fio. 2) o(1,k) = k-l 

and proved for n> 2 

(1.1.2) o(n,k) < n(k-1)¢(n-1,k) - (k-1) (n-1) 

From (1.1.1) and (1.1.2) Erddés and Rado deduced that 


iS t 


Clot 3) $(n,k) < ni (k-1)" 1 - ) SET ere 
t=1 (t+1)!(k-1) 


and this is the best upper bound that has been obtained up to the present 
time. On the other hand they proved 

n 
(1.1.4) o(n,k) > (k-1) 


A lower bound for $(n,k) which is somewhat better than (1.1.4) can be 
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found in [1]. 


The problem of evaluating $¢(n,k) appears to be very difficult. 
The only values of $(n,k) appearing in the earlier literature, except 
those(given by (1.1.1) are ¢(2,3) =6.-, $(2,4) = 10 and’ $(3,3) = 20 . 


(See [4] and [15] .) 


In this chapter we evaluate $(2,k) for all k>3, we 
obtain an improved upper bound for $(n,k) , a new lower bound for $6(n,3) 


and ¢$(n,4) and discuss an application to a problem in number theory. 


§1.2 A problem in graph theory and the evaluation of 9(2,k) 


The problem of evaluating 9$(2,k) can be formulated in the 
language of graph theory: Let n, hn and & be positive integers. By 


an (n,h,%) graph we shall mean a graph in which 


(a) there are n vertices, 
(b) no set of independent edges has cardinality greater than h , 


(c) each vertex has degree at most 2. 


By an (h,2) graph we shall mean a graph satisfying (b) and (c). It is 
not difficult to see that the problem of determining $(2,k) is the same 
as that of determining the maximum number of edges a (k-1,k-1) graph 
can contain. Let E(G) denote the number of edges of a graph G and 
let f(n,h,2) = max E(G) where the maximum is taken over all (n,h,2) 


graphs G . Our main result is the following theorem: 


Theorem 1.2.1 
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f(n,h,2) = he + bIS] 


(B) Penen > 25> 2h Chen 


fin hit) = hg 


(C) if) 2 = u-hts > 2h, where. 1<-s < h-1 , then 


£ (HYPO e= A(n<tew J 


Before proving Theorem 1.2.1 we introduce some additional 


terminology and prove some preliminary lemmas. 


Let. = {I,,1,,---51 1} be a set of independent edges in a 
graph G and let I, = (x, >) for j= 1,2,...,m. We will say a node 
of G is unsaturated if it is not in the collection {X) »Xyoe0+ Xs 
YyoYorr oY, } and call an edge unsaturated if it is adjacent to an 
unsaturated node. For convenience we will call the edges of J dark _ 
and all others light. An alternating path (circuit) in a graph G is 


a simple path (circuit) such that consecutive edges are not both light 


or dark. A set of independent edges is said to be maximal in G if 
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there is no set of independent edges of greater cardinality. 
Lemma 1.2.1 In any graph G, a set of independent edges, ui! = ee 
maximal if and only if G contains no alternating path joining two 


unsaturated nodes of G. 


Proof: If G contains such a path, say {py oPoo+++sPog} » where the 

edges (Dy »P5)(P3>Py)o-++ (Py. 4 Po 9) are light and the edges 

(Po >P3)>(PyoP5)o+++s (Po. 9 »Po5_7) are dark, then the set of edges 

€(Py Pp) > (P39Py)o+++2 (Pog _y>Py_)t u tS - {(By5P3)> (Py >P5)>+++>(Py,_9sPg_4)}} 


is a larger set of independent edges. Hence J is not maximal. 


Consider a set J of lf | + 1 independent edges, and let 
J* be the set of edges of J which are not in ef . We may assume that 
it is impossible to form an alternating circuit from the edges of of 
and the edges of J* . Suppose 8 edges in J* are unsaturated and 
a = | s*| - B are not. Then, by the remark just made, at least a+l 
edges in J do not belong to J . A moment reflection shows that 
8 =.2 and that one can construct an alternating path starting with one. 
of these unsaturated edges and terminating with the other. This completes 


the proof. 


In what follows we shall sometimes have occasion to modify a 
graph G by deleting edges or by adding new vertices and edges, thereby 
obtaining a new graph G' . Since the terms unsaturated nodes, unsaturated 
edges, light edges, dark edges and alternating path are defined for G in 
terms of some eae set J of independent edges, we wish to point 


out that in constructing G' from G we shall not alter i. tethateie, 
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the edges in J are also edges of G' and the terms mentioned above 
are defined for G' with respect to § . We shall also henceforth assume 


that J Tsamaccima le ineeeGe. 


Partition the edges of J into classes as follows: 
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j e J and either i or y, belongs to at 


least two unsaturated edges} 
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a 
ee 
o 
Sa 


j and both a and Y, are joined to an 
unsaturated node} 
G = {T, I, ef -A - B and either “a or Y; belongs 


to an unsaturated node} 


Dp 


ig. It exg ond of Kiteat ate 
J J 
It is easy to see that IA| +18] + lel] + || = 19 | ; 
To each e § we assign a weight, w(I,) as follows: 


w(I.) = (number of unsaturated edges adjoined to I.) 
J 


+5 (number of remaining edges adjacent to 2 and y,) : 


It is clear that, since Id is maximal, 


E(G) =) -). wt) 
ive 


Lemma 1.2.2 Let G be an (n,h,%) graph with maximal set of independent 


edges J . Then there exists an (h,%) graph G' such that 
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wl) = fel 


for all. Le.J , where w'(I) is the weight of I- in G'. 


Proof: It is clear that any edge belonging to @® , G or ® has 
weight at most 2+1, ut S or % respectively. Hence if A is empty 
we may take G' =G. Therefore assume A is non-empty. We will induct 
on h. If h=1 then G is a star and again we may take G'=GCG. 
Assume that the lemma is true for all (n,h-1,2) graphs. Let I, et Ass, 


where I, = (x, >5¥,) > and assume that x is the vertex adjacent to 


“a 
the unsaturated nodes. Let S_ be the set of light saturated edges 


incident with x T the set of light edges incident with V4 and 
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R the set of unsaturated nodes adjacent to x Now modify the graph 


1: 
G as follows: 
(1) Replace each edge in S by a new edge joining x, to 
a new vertex. 
(25) OLE CAEL TP ELOLELS PEEEEEROLEL ZI are the edges of T , 


replace these by (2, 5W) (25 5W) 5+++5 (2, sw) where w 


is a new vertex. 


(3) If veR and v is adjacent to the saturated nodes 


tyotys+-+ ot, then replace the edges (v,t,)5(v,t,),+--5(v,t,) 


by (u,t,),(u,t ),+-+, (ust) where v is a new vertex. 


It is easy to see that t. and oe are not the end points of 
an edge in J » since otherwise J would not be maximal in G. By 


Lemma 1.2.1 it follows that .’% is a maximal collection of independent 
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edges in the resulting graph G, . Thus we have a graph G, consisting 


1 
ofaar«tar. G, » containing iT » and an (h-1,2) graph, G, se such 
that E(G,) = E(G) . By the induction hypothesis the conclusion of the 


lemma holds for G, - To complete the argument set G!' = G, UG : 


Lemma 1.2.3 Let G be an (n,h,2) graph with a maximal set of 


independent edges .f and let G' be defined by Lemma 1.2.2. If G' 


contains a component with k independent edges, where k < cS 


] , then 


the weight of any independent edge in this component is at most 2. 


Proof: By Lemma 1.2.2, if any independent belongs to class A it has 
weight at most 2% by construction. Any other independent edge has 


weight at most 2 + $(2k-1 + 2k-1) = 2k+1 aoe 


Note that Lemma 1.2.3 will apply to Theorem 1.3.1 whenever 


2 > 2h . The following lemma will apply in the case & < 2h. 


Lemma 1.2.4 Let G be an (n,h,2) graph with a maximal set of independent 
edges JS and let G' be defined by Lemma 1.2.2. Suppose that there. 


exists a pair of edges I, = (x, v4) and I, = (5 »s¥o) in § and 


two unsaturated nodes, x} and xX) » adjacent to x and Xo respectively 


and suppose that the edges eT and I, belong to the same component of 
G' . Then there exists a graph G'' which has all the properties of G' 


required by Lemma 1.2.2 and in which I, and I, are in distinct components. 


Proof: We may assume that among all such pairs of edges of Bay, I, 


and I, are chosen such that the path joining x} and x5 is of minimal 
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length. Consider any path P(x) »x,) = {x} = PooPyo+++ Pp oPy ay = x,t 
! ’ 


joining x; and x, and all alternating paths Q(x) »P;) = {X] dy o+++ 5d, oP, } 
such that none of the nodes Pa4p?Pygoee ss Peay belong to Q(x; »P,) 
That such paths exist follows from the maximality of Se and Lemma 1.2.1. 


Let m be the maximum i , 1< i<k, for which such a path exists, 
i.e. let Q(x, sp) = toga, Shy. aa a be an alternating path that 


does not pass through any of the nodes and such 


Poth ?Pm2? °° Pact 
that m is maximal in this respect. By the minimality condition imposed 


on P(x) »x,) it follows that the only unsaturated nodes belonging to 
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1 1 
P(x) x5) are the nodes x 


and x5 


Case 1 m< k and q = Pad. 


Since the edge (Pn-1?Pm is light, for other- 


aig a 


wise there exists an alternating path Q(x; ) contradicting the 


oP eeT 
maximality of m . Similarly we may assume that (PP mtd? is a light 
edge. Let (p»P_) be a member of J . Replace the edge (PP mt)? 

by a new edge (Pp 925) where Zy is a new node. It is clear that the 
resulting graph has the required properties with regard to number of edges 
and maximal degree of any node. We now consider the possibility that the 


resulting graph contains an alternating path R(z_52Z) = {Z»Pi»Po+++ 22h 


where z is an unsaturated node. Assume such a path exists. 


Tf sao x we must have that R(z, 52) and Q(x; »P_) have 
at least one edge in common, for otherwise G' contained an alternating 
path Se 90 ny Phe ee? and this is impossible by the 
maximality of JS . Since R(z, »2) and Q(x) Pp) are both alternating 


paths, the last edge of R(z, 2) common to Q(x; »p_) must be dark. 
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Assume this edge is (d5 4541) fordsome (oj ,,pl)< je<at=lehanddthat 


R(z, 52) = £2 sPyePorr sods ods yy ores e o2d . Then the path 


! ee ! 
S(x} 52) > {x} ody oe 26245 od547,2,...,2) is an alternating path joining 


two distinct unsaturated nodes in G' and we have a contradiction. If 


on the other hand R(z 52) = {2 »P»Ps+++ std ewyZtedthenethere 
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contradiction to the maximality of m. If z= xy » then there exists 


an alternating path Q(x ) = {Xj} 5+++>P»P Pay! or an alternating 
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path Q(x; Pp.) > w> ml =, depending on the structure of the path 
R(z 52) as above in the case z + x} . Therefore we conclude in both 


cases that no such path R(z 52) exists. 


Case 2 m< k and qd, + Pr-1 * 


By similar reasoning to that used in Case 1 we must have that 
the edges (q,>P,) and (PP are light edges. Let (p»P_) be a 
member of J . Replacing the edge (PP m1? by a new edge (p25) 
where Zo is a new node it is easy to see by the same argument used in 
Case 1 that our graph has the required properties with regard to number 


of edges, number of independent edges and maximal degree of any node. 


Case 3 m= k and Ter Peo 


Mm ¢- 
F a 
Spit bac I-3 >E > Lf . t. soe tol bins »P? et spghes etds 7 


te paps aa 
gaintot diaq gat3snaisi{s me af iS, sae sieges = aj an 


I <imebdotbetjnos « ovsd sw bas *'O ot esbon bsjsuuIBeny 34ak3 atb oa 


b i - iP 
stort nes? er, - pT, -~ +e Gy o, S?! = Gey SJR bred az9d30 sid no 
an | 0 ais © wy hl A = 
" P — . F 
stedw (Gy. cde rg. Pe, Pees ss De Xt) = Co. pee Abg Erbsentesie Be ese xe 


{Pers Te eeseGe.g. S} = Cp, s)o disq-due sit If ,.siquexs sem . ett tes 
t : 


asd3 hs aes oat ek asbon sd3 to yas nmieiaood Jom Baob (=f “ 


cos 


{ poe Ted ee Teel Pe Pe sve De (Xx) @ he de = C alee exit sni 
- \ Thu s “+ 7 , ' > b y 


atal set med3 . (x == 2 . m to ytbinmixem sft oF sdsuadallll 
gohisaisiis nm sO 1). de eG ess 7x} = (.. a. 00 disq gabseez 
A 7 = © : 


; Ie 
fi38q eft ic W557 2 pug ( ap goibasqeab . itmsw « p00 A3eq 


fizod mi sbufonos sw stotexysdT . : * S 82889 ed3 alt svods 2 Gy 8) 8 
F . — 


rateixe. {_0s zi dees love og toda cre 


3ed3 svsi Je: yw £ se89 ni beer tadi of ( gakaosssT wakiake: yi- 


; an ™ ae ; i Ne 
5 od Mgt ; 3S.4 » 29380 IASI Sts (Ft bas G4 52) ~~ : oda 


7 ‘ ’ > er 

sf r , a 7 - = 
s 92bs wet 6 vd Ge subs. odds a 3 > dere, 
‘5 gy? So3 was Pe Fn iT uotoalaqast - x io odms 


> 
a. 
: 
- 


* . . > ’ 7 a y _ 
ai beev Jnsmgis smase osd3 vd ase o3 yarns ef 3b sbon —*, pa  $ter 


. ” i 


.sbon yas lo sstgeb lamtxem brs ake ages 


10. 


Since qd, = Py_j > the edge (Py Py? is a light edge. 

Repl i 
eplace the edge (P,P, by a new edge (Dp, 225) where z, isa 
new node. Let (P »P,,) be a member of a4 - As in the previous cases 
we must show that the resulting graph does not contain an alternating 
path R(z 52) = {Z sPpoPo-++ 92h where z is an unsaturated node. If 
such a path exists and z + x5 then G' contained an alternating path 
S(z,x5) = {Z,+++sP>Py oPpay = x5} Ree Zee x5 ,» by similar reasoning 
to the cases m<k, 2 + x} » we can deduce the existence of an 
! 


alternating path joining x and 5 - In both possibilities we have 


a contradication, hence no such path R(z 52) exists. 


Case 4 m= k and qd, + Pee ° 


it fs clean that (4, Py) is a light edge. Replace the edge 
(4, Py) by a new edge (Py02,) where Zz is a new node. Similar 
arguments to those used in the previous cases then imply that there is 
no alternating path R(z, 52) » where z is an unsaturated node, in the 
resulting graph. Treating all such alternating paths Q(x; »P,) where 
q+ + Pry in the same manner the resulting graph has the property that 
any alternating path Q(x} .P.) as described before satisfies either 


m< kor, m= k.. and ds Sep Putie 


The effect of the above procedure given in Cases 1 through 4 
is that the resulting graph no longer contains the path P(x) »X,) . 
Repeating this procedure on all possible choices of the path P(x) ,x5) 
we obtain a graph G" in which x} and x5 are in distinct components, 


which completes the proof of the lemma. 
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In the proof of Theorem 1.2.1 we will use the following lemma 


due to Dirac [8] to construct graphs with f(n,h,2) edges. 


Lemma 1.2.5 Let G be a graph with n nodes and let d(a) be the 
degree of any node. a in G. If d(a) +.d(b) > n for any pair of nodes 


a and b of G, then G contains a Hamiltonian circuit. 


We now will prove Theorem 1.2.1. First we will exhibit graphs 
with f(n,h,2%) edges and then show that this is the maximum number of 


edges. 


Proof. of Theorem 1.2.1 
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graph, H, on m= 2] Peccotido = f+ 2o + 2 nodes. Note that 


JA 


d< b , consider the complete 


m> 4c +3. By Lemma 1.2.5, H has a Hamiltonian circuit. Remove any 
such circuit. Every node of the resulting graph has degree m-3 . 

Repeat this removal of a Hamiltonian circuit c times and the resulting 
graph, Hy > has m nodes each of degree m-l-2c . This repetition is 


possible since 2(m-1-2c) > m whenever m> 4c +2. 


Now m-l-2c = +1 bio Therefore Hy has a Hamiltonian circuit. 
Let the edges of this circuit be (X) Xo). (X5»%X3)> » ae (xx ) . Remove 
the edges (x) 5X5) > (x,,X,)> one, (xo X41)? (x 9X1) . Note that m 


is odd, therefore in the resulting graph, Ho» every node has degree 2& 


except x,, which has degree 2-1 , and the edges (X55%3)> (x) 5X5)» 
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is an (%+2ct+2, [S= Eas 2) graph and it is easy to see that 

2+1 
E(H,) = ([——]te eee - If we let c= 0 in the above construction 
we obtain a graph i that is an (+2, a Lia £) graph and 


B(H,) = (Sy (* 


Taking d-l distinct H, graphs together with H, and b-d 
complete +1 graphs we obtain an (n,h,2) graph, G, such that 


ERG a= shit + ais] 


If & is even we consider a complete {+2c+l graph and proceed 
in a similar manner to the case 2 odd to obtain a (n,h,2) graph, 
Ge ~such that* EG) = ni+d [5]. Therefore we have that £f(n,h,2) > hetd [5] 
for 2 even and £f(n,h,2) > ne+d[5] for 2 odd. Observe thatif n > 2h+b 
these results still hold. If & is odd, the trivial example of an (8,3,1) 
graph shows that we cannot do any better in general. However the following 
graph illustrates that under certain conditions we can have 


E(G) = hg + [SI > he + a[$] 


Figure l. 
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Figure’ is'a. (20593 3)" graph:." Note that “b“= 4! ‘ana d= 2 and that 
the graph is regular of degree 3 . Hence we have 


ne oe dg Q 
7 (20.3) = 30 = he+[“] > h&td[>] = 29 edges. 


Case B n-h SSeS hte 


Let Jf = {I,.1,,---51,) be a collection of h independent 
edges and let T, = (x; »y,) fOr Am) 1',25.070h Consider a graph 
consisting of Jf and n-2h isolated nodes, 2,5 ii= 1,2,...,n-2h . 
pOreCackr gt 5) jul 2.62. ,ha, join i to 2-1 of the nodes 
DO Ee ee ek ye - The resulting graph, G, 


is an (n,h,2) graph consisting of h independent edges of class -A 


and E(G) = hg. That is, f(n,h,2) > he. 


Case C faa nals ko 2be 8 1 <8 < h-1.. 


Consider a complete h_ graph, Ho-1 and its edge complementary 
graph 4H. Ha contains a Hamiltonian circuit by Lemma 1.2.5. Remove 
I of the edges of this circuit where the edges are chosen to be 
disjoint if h is even and at most one pair of edges adjacent if h is 
odd. Let the resulting graph be H2 . Define Hy to be H_ together 
with the 3 edges of the Hamiltonian circuit not removed. Define 
H 3 to be He-1 with all of the Hamiltonian circuit removed and H, 
to be the graph consisting of this circuit. Proceeding in this manner, 


provided the conditions of Lemma 1.2.5 hold, we can construct a sequence 


h 
of graphs H,>H,.---sH 4 such that E(H,) = it for 8.8482 gan 


Let G be the graph described in Case B when R=n-h. From 
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the graph H. on the nodes a en when & = n-hts , 
s= 1,2,...,0-) . The resulting eraph, G)> is an (n,h,%) graph such 


that E(G))= h(n-h) + [95]. That is, £(n,h,2) > n(n-h) + (PS) 


Ti By the proceeding lemmas, given an (n,h,2) graph G with a 
maximal set of independent edges 4 » Wwe can construct an (h,2) 


graph G' such that in G' 


(i) the maximum weight of any independent edge is 2+1 
(ii) no two independent edges belong to the same component of 
G' if they are adjacent to distinct unsaturated nodes 
(iii) any independent edge of class A has weight at most 
2 and is a component of G' 


(iv) the weight of any independent edge in a component of G' 


o 
containing k < [ | independent edges is at most 2%. 


Consider the case ££ < 2h, n= 2htd and O0<d<b =, where 
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Clearly 


f(a at) < $(2h+d)2 ig gare (SI 
since every node has degree at most 2%. By Part I we are done. 


Now assume n > 2htb . Since E(G) = E(G') we will maximize 
E(G') . Any component of Ge containing an unsaturated node and m 
independent edges contains, by (ii), at most mf + 5] edges. Therefore, 
by (iv), to maximize E(G'), G' must contain as many components, with 


at least ae independent edges, as possible. Hence 
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E(ashye) < (b-1) (FS) 15) + (eye + AN = he + 4 


and we are done by Part I. 
Pi meties) tae en”  tnen.) by 1 (Ly) 
tinch.<) = he 
and again, we are done by Part I. 


Finally consider the case 2 =n-hts , 1<s<h-1. If 


i = {I,,1,,---t,} and I, = (x; >¥,) for’ 20.24... 0°. StHen 1c ts 


clear that if tei exceeds 2h , r is in class A - By Lemma 1.2.1, 


JA 


if Oy > 2h and d(x, ) > 2h, for sotiehhj and k , 1< j,k <h > then 


y, is not adjacent to Ye: Therefore, foreach, j°,° 3 2: 1,2,..2.,80, 
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It now follows that 


£(n,h,2) < h(n-h) + FS] 


and by Part I, the theorem is proved. 


Corollary 1.2.1 «If CG is» an (n,h,2) graph then 


E(G) < max Pees h(n-h) + G)} F 


[glo + st = 18) + yioo yy + cd 2 4at ABA) > a, ie 
- 


+l t3e% yd snub oun ow ba 


‘t) yd asts §. WS <2 ode 


7 


‘+ 


i169 yd omob sis sw seg be 


- — 3 : 
> “ = r P ’ r ig « ’ 
[I . Ld Se >t , sti-n = ©8829 393 1Sabtem0s vileqit 
si 2t asd : a Cee a s,m eee Kee [ oT r} 
t bis z e 5 LOL ¥ *) ) Ti SS gies seg Tet) 
eL.S.f smmsl yt . M, eesld nt at ,I ,. dS aebssoxe (2b St 3sd3 12 sels 
. i 


> Het > bse o£ smoe tot dS < (205 bos. dS < (ope 


fi, . Sf = +t F Hijas "ol .moeeTadT as = 7 
7: ery C .« € dons tol ,Bsote1rsdT . oe Jrecsths Jon et y 
; , 


— = } : | | 
¢ sf e + { tr ij ; ” 7 to on > (, I) "wy 
—_ < = 
9.5 . dS < (xb 24 .y to SStgeb aumixnam ods et ae. on fw 
- 
- 
2 : : 
- «td -—o = Cords) = + dd ~- a > CT) 
Ss L 


Jad. ewoL Loz, wor JI 
- : - - 5 


(ay + (aa) > Beten)a-- 


ard ak oe odd a se be 


i o. 


trots el “ut a) wae = | "i . bs 


= 


LO: 


with equality holding only if G consists of a complete (2h+1l)-graph and 
n-(2h+1) isolated nodes or if G consists of a complete h-graph each node 


of which is also joined to each of the remaining n-h nodes. 


Proof: if &@ < 2h -in:Theorem 1.2.1, . then, since» f(n,h,2) is non-— 


decreasing as n increases 


max f(n,h,2) < max (hetb (21) 

1<2<2h 1<%<2h 
where b is defined as before. It is easy to see that this last 
expression is maximized when b=1, 2 = 2h. Therefore 


2h+1 


ECG))s genet (os, 


Since b=1 and & = 2h we have c= 0 in Part I, Case A, and thus 


G is a complete (2h+l)-graph together with n-(2h+1) isolated nodes. 


if ee 2h it, theoren, 1.2.1, 


h 
max  f(n,h,2) = max (h(n-h)+I-5]) 
2h<%<n-1 1<s<h-1 


that is 
h 


Taking s = h-l in Part I, Case C, we have Hp a complete h-graph, 


every node of which has degree n-1 and the result of the corollary follows. 
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17. 


The result given by Corollary 1.2.1 has been obtained by 


J.W. Moon [20]. 


The following result has previously been obtained by a different 


method by N. Sauer (to appear). 


Corollary S22 


k (k-1) k odd 
6(2,k) =F 
(e1)* + a k even 


Proof: As we remarked previously, 9(2,k) is the maximum number of edges 
in a (k-1,k-1) graph. If k is odd we have b= 2 in Theorem 1.2.1 
Part A and if k is even we have b=1 in Theorem 1.2.1 Part A and 


the result follows. 


§1.3 An upper bound for  $(3,k) 


Let’ °F * bea’ family of 9$(3,k)° sets, each of order 3°‘, no ~k 
of which have pairwise the same intersection. Without loss of generality 


assume that the family @G contains the sets 
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Definition: Aset Fe $Y is F-disjoint if and only Af. Bre GB. for 
— eon i 


some i, -l<i<k-l.ands F4@,, j¢4% 
j 


Lemma 1.3.1 If k> 6, then the maximum number of distinct F-disjoint 


sets in any 6.» i= 1,2,...,k-1, is at most $(2,k)-1 . 


Proof: It is clear that we need only consider ® L’ Assume the set 
T = {1,x,y} for some x and y is a F-disjoint set belonging to A, ‘ 
There are two possibilities: 

(i) every F-disjoint set belonging to ® l belongs to -A l 


(ii) there exists at least one F-disjoint set in A D and/or 


A 


3 that does not belong to oA. 


1: 
If (i) holds, since no element can belong to more than $(2,k) 


sets without there existing k of them with pairwise the same intersection, 


we are done. 


If (ii) holds then any -disjoint set in A 9 oF A 3 must 
have non-empty intersection with the set T . Therefore there are at 
most two #-disjoint sets, T) = {1,u,>v,} and T, = {1,u,,v,} ; nnee 
Uj> Uy» Vy and V5 are distinct elements, belonging to A 1 and not 
to A 2 oF A 3° Then the maximum number of JY-disjoint sets belonging 
to A 1 and not to A 9 oF A 3 is the maximum number of pairs of 
elements, (a,b), that a collection of 2~sets can contain such that no 
three are pairwise disjoint and no k have pairwise the same intersection. 
It follows from Theorem 1.2.1 that there are at most 2k such sets. If 
i. and  T.. belong to A 1 then there are at most four J -disjoint sets 
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aya) As 2 or A 3 that do not also belong to A L and since there are 
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ded, 


at most k-l1 F-disjoint sets belonging to A, and A, or A, 
and A, we are done by Corollary 1.2.2 of Theorem 1.2.1. If there are 
not two distinct sets of the form qT) and T, belonging to any of oA D 


A, or A 3 the result follows in a similar manner. 


It is clear that Lemma 1.3.1 is not as strong as possible with 
respect to the restriction on k . However, since the upper bound to 
be obtained for 9(3,k) will rely on the following lemma, any strengthening 
of Lemma 1.3.1 would be of no advantage in this direction. 
Lemma 1.3.2 1t@fom@seome™distinctt i1geqt and 02 [hel < 19], 28 <ékelo, 
Ax; 9° Asso and A 32-2 each contain at least five F -disjoint sets, 
distinct in the sense that their pairwise intersections in often 


A 34-9 and AP 4539 are the elements 3i-2, 3j-2 and. 3-2 respectively, 


then 2D does not contain any sets of the form: 
{3i-1,3j-1,x}, 131-1,34,x!, {31=1,3%-1,x},. {31-1,32,x} 
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and A 34-2 respectively, such that neither contains the element x. 
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in JY . Clearly any other set belonging to case (i) may be handled 


accordingly. 


(ii) Assume there is a set T = {3i-1,3j-1,32-1} in F 
i, fri ee Oy ik ee , Ag aye apet, 
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respectively where the A's satisfy the conditions of the lemma. 
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Ms Fabia : 
from the set A. chosen originally. Hence, we can find three pairwise 


perder i ‘ Q F 
disjoint sets say ee AB and A, . But now the sets PETA a 


F F constitute a collection 


Peo Fap Fy Fyape Aa ee 
of k pairwise disjoint sets in FY . All other possibilities under 


case (ii) may be treated accordingly. 


The following example shows that Lemma 1.3.2 is no longer valid 
Sieiiveric replaced by four: Let a, b, c, d,.e, f, g and h_ be eight 
distinct elements, none of which belong to any Fy ee We rare eae) a 
Now let the -disjoint sets satisfying the conditions of the lemma be 
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It is not possible to choose three pairwise disjoint sets from the above 


collection as would be necessary in the proof of the lemma. 
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Lemma 1.3.3 For those i, 1< i < k-l , such that none of the sets 
A34-2? A 34-1 or A 3; contain at least five FY -disjoint sets, distinct 
in the sense of Lemma 1.3.2, the maximum number of sets in oO, which 
belong to one and only one A fj 2°" {27s os, 6 Ssawt most 4it». 


Proof: Consider any such i. Assume A contains t QJ -disjoint 


31-2 
sets, distinct in the sense of Lemma 1.3.2, where 1< t < 4. Further 
assume neither Oe ar nor ih 34 contains more than t_ such sets. 

If t=3 or 4, the result follows by the arguments used in the 

proof of Lemma 1.3.1. The same arguments show that if t = 2. the maximum 
number of sets of the desired type is at most 2k+4 . If t=1, then 


each of A ey ea and HK 35 can contain at most k-l_ sets of 


the desired type and this completes the proof of the lemma. 


We are now in a position to obtain an upper bound for 9(3,k) , 
k > 6. We will obtain this upper bound by counting the maximum number 
of sets in a family YJ of 4(3,k) 3-sets in two ways and maximizing 


each with respect to the other. 


4 2 
Theorem 1.3.1 6(3,k) <4 (k-1)6(2,k) +s Crap Cc es oe. 


Proof: For some t , 1< t < k-l , assume that t of the collections 
Gree? i = aly2,... sk, contain at. least five F -disjoint sets, distinct 
af 


in the sense of Lemma 1.3.2, in at least one of the collections A 34-2? 


. wW assume without loss of generality that these 
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By the preceding lemmas we have that any set that is not # - 
disjoint appears at least twice in the collection of all the @ ."s_ when 
iL 
repetitions are counted. Also, 6 4? i >t, contains at’ most 4k 


sets which belong to exactly one of the collections A is Lees ay teas 
j > > < 


Therefore, by Lemma 1.3.1 we have 
ec 2) $(3,k) < (k-1) + t (6(2k,k)-1) +t 2002 W)-1) 


+ (k--t) SACs) Gert) “ 


On the other hand, Lemma 1.3.2 and Lemma 1.3.3 imply that any 
set in J belonging to A; Ags Agr ¢s ees 2c paagy or A 3¢ also 


belongs to some other 4 Aa J you. Thererore it _tollows that 
(1.3.2) o(3,k) < k-1 + €($(2,k)-1) + (k-1-t)3(6(2,k)-1) 


: 3 : : , ; 
Moweri tri< 5 (k-1) , inequality (1.3.1) implies the result of the theorem 


ot a i > S(k-1) the result holds by inequality (1.3.2). 


81.4 Some remarks on $(3,k) . 


One possible approach to obtain improved estimates on the size 
of 9$(3,k) is to consider it as a graph theory problem as we did the 
case $(2,k) . The graph of a family FY of $(3,k) 3-sets is a generalized 
graph, G, where the edges of G are triangles. Given a maximal 
collection, § , of k-l pairwise disjoint triangles in G _ we call 
these dark and all others light. To each triangle of G _ we associate 
a distinct node of the same color and define an alternating tree of G 


as follows: An alternating tree of the graph G is acollection, 7 , 
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Ofetrtangléslof Per glitches {T,,T,.---,T} » satisfying 


(i) any pair of light triangles of J have empty intersection 
(ii) any triangle in J having non-empty intersection with 
some light member of J belongs to J 
(iii) there exists a Spanning tree on the corresponding set of 


nodes such that 


(a) two nodes are adjacent only if the corresponding 


triangles have non-empty intersection 
(b) adjacent nodes are of opposite color 


(c) all the endpoints correspond to light triangles of G 


The following lemma may be proved in the same way as Lemma 1.2.1: 


Lemma 1.4.1 The collection of independent triangles jain "Gis 


maximal if and only if G contains no alternating trees. 


Defining the weight of a member of 4 ina manner analagous 
to the weight function defined in the $(2,k) case it would be of some 
advantage to prove a lemma analagous to Lemma 1.2.2. However we have not 


been able to prove such a lemma in this direction. 


§1.5 An improved upper bound for ¢o(n,k) . 


Previously we have mentioned that Erdés and Rado [15] proved 
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Theorem 1.5.1 For.all positive integers’ n and k, k>3, 
kel s+! (k74+6k-7)? \a 
o(n,k) < (ntl)! Sr Ne i 


It is clear from the preceding sections that Theorem 1.5.1 holds for 
n=1 or 2. In what follows we will assume that n> 2 and let F 
be a family of sets, each with n elements, no k members of which have 


pairwise the same intersection. 


We shall establish the following two term recurrence inequality 


for (n,k) 


k=d 
2 


GH 572) PG) See (nt e(nelek)+(n-1)-6(ns2,%)—n(n=1)) 


Assume for the present that (1.5.2) has been proved. Then it is easy to 
deduce Theorem 1.5.1 by induction. Let c be the positive root of the 


equation ~ 

2 
(le 5s3) 2c - (k-1)c - (k-1) = 0 
so that 


£ 
k-1 + Cee ‘ 
c= Fisk ee 


By the remark made above we have for n= 1,2 
o(n,k) < (ntl)! ec". 
Let n> 3 and assume 
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For™®2i< n=] .\“Then by«(105.2) “we ‘have 
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It now follows from (1.5.3) that for moo) 


btnsk) = eye ce 


To complete the proof of Theorem 1.5.1 we must now prove (1.5.2). 
We assume that YJ is maximal, that is |F | = ¢(n,k) . This implies 
that there are k-l sets in ZY which are pairwise disjoint. Let 


these sets be 
ee | (4-1)n+1 < A < in} Ae pd et tary 


* 
PS a ae be the family obtained from 2 by deleting the sets 


a2 agi and. for” Foe] 2... .(k—-1)n; let 


ry 
Hi 
Il 


A,={F|FeF , je Fh 


Call aset Fe 3* Z3Y-disjoint if F belongs to exactly one of the 
families A, . For notational convenience, for 1<i<k-l, l<j<«<n, 
J 


we denote the integer (i-l)n+j by (i,j) 


We now prove a number of lemmas and from these deduce (1.5.2). 
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Lemma 1.5.1 Let T be an Y-disjoint set in A Then any 


(i,j) 
F-disjoint set in Ay 2) has non-empty intersection with T. 
3 


Proof: Let S be an 3 -disjoint set in A 4 them if So T=@ ., 


»&) 
the k_ sets SoU Fy Poses oF oFyygee to Fy are pairwise disjoint. 


This is a contradiction and Lemma 1.5.1 is proved. 


Lemma 1.5.2 Let M, be the number of F-disjoint sets in the family 


(i,n) 
ara ae Then 
p=cis 1) 
ies.) M, < ¢(n-1,k) + (n-1)* {9(n-2,k)-1} - 1 
Proot: igi M, = 0 there is nothing to prove. Hence we may suppose 
M, Zane tniseimplies»that for: some, £ 95 1 < &j<en 5 there is arset 


which is G-disjoint. The number of 4 -disjoint sets in 
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which implies (1.5.4). 
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Gece) M < (k-1) {$(n-1,k)+(n-1)7(6(n-2,k)-1)-1} 


Proof: This follows from (1.5.4) and the fact that 


* 
Lemma 1.5.3 Let N be the number of sets in J which are not 


F-disjoint. Then 


fo sh) n < SUS) (6(-1,)-1) - # 


Proof: Each set which is not F -disjoint belongs to at least two of the 


families A 2 Thus 
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as required. 
Inequality (1.5.2) now follows from (1.5.5) and (1.5.6) and the 


fact that ¢$(n,k) = k-1+44+N . This completes the proof of Theorem 1.5.1. 
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Theorem 1.6.1 For some constant c and all sufficiently large n 


n 
n= S log n 
o(n,3) > 10 


Proof: Since we shall be concerned only with the case k = 3 we will 
write $¢(n) for $(n,3) . Define a function w as follows: y(n) is 
the largest integer for which there exists a family 29 of w(n) sets 


such that 


(a) each set has n_ elements 
(b) no three members of @G _ have pairwise the same intersection 


(c) any two members of ZY have non-empty intersection. 


Pers easy-to see that- ~(2)°= 3 and in fact {(1,2),(1;3),(2;3)} is 

a family with the required properties. It can be shown that (3) = 10 
Rate UC 4). CL 2.4). (dso) 5 Cho 450) 20555 6)5 (25350) (2,450) 5025550) » 
(3,4,5),(3,4,6)} is a family with the required properties. (See [4].) 

We write .~ ¢« P(n) if “3° satisfies (a) and (b) and “JF e Q(n)’ if 


GF satisfies (a), (b) and (c). 

Lemma 1.6.1 o(n) > 2(n) . 

Proof: Let 7 1¢ Q(n) and 2° e Q(n) and suppose each set in F 1 
is disjoint from each set in F, - Then iz” r= ay JF. we have 


Fe P(n). This prove Lemma 1.6.1. 
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Sebo. Lem «J 1¢ Q( adi andy 3F > € Pith)’. Sher 
j= {F|F= 
{F | Fy Fos Fe Fas FL oF oho 


We need to show that 72 10(atby* that (fe P(atb) can be proved by 
the argument used in [1] to prove $(atb) > ¢(a)o(b) . Hence to complete 
the proof we need only to show that any two sets in JF have non-empty 
quLersecuion. ~ Let """¢ and G, be two distinct members of JY . We 
have G, = Fri? tu) where Fea € ey and ee) oh s ae Since 

F, © Q(a) we must have Foal Pay + @ and hence 6G, 1 G, vo. 


Thus F e€ Q(atb) 
Lemma 1.6.3 v(ab) > w(a)v(b)? . 


PrOOL tes suet if) O(a) jandilet UD = {1,2,.:.,8). Foxy j = 1,225.52 
let ZF; € Q(b) . We assume that all families are maximal and disjoint 
(in the sense that Fe F 5» Ge J; implies FN G=9). Let Fe 3 
We have F= {i,,i,.---,i,} » Say. From each of the families 

Fis? Fi,’ ago aay Fi. select a set and let F* be the union of the sets: 
selected. We shall say that F generates F* . Let a be the family 
of sets generated this way. It is clear that each Fe {Y generates 
W(b)* sets and hence keg = b(a)v(b)? . Moreover each member of F 


* 
has ab elements. To complete the proof we must show that Zf € Q(a,b) 


* 
First we show that JG « P(ab) . Let F,*,.F,* and F* 


be distinct members of Sep and let By. Fo and F. be the sets in 


JF which generate F,*, F,* and F* respectively. Let Fn FAN F, =K 
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and K,3 are pairwise disjoint. 


Suppose K,, + § and let ie Kj. + Then there exists sets 
1 


1 ; ae 
F, and FL, in 2. such that F.C F* and Fe eon but there exists 
a a ab aL it ib 2 
; ; ' * ‘ Me 2 * 
no set in <f i which is a subset of Fy - ,Since FO F, + Qiv, Fi» 


ce and Fs do not have pairwise the same intersection. Hence we may 
assume K,, = or. -Simtlarly Ki3 = Ko = @ . This means that FL» F, 


and F, have pairwise the same intersection, but 23 e P(a) , hence 


= Es F * * * 
Fy = F, F. Ae, Fi» Fo and Fy have a common generator, say 


Fo= {i,,i,.+--,1,} .« Then 
a 
FY = oy: p(t) £Ors tea 55 
re <= ah 
d=i j 
(r) F * * * f ; 
where F € J, >» Since Fi> Fo and F3 are distinct sets, there 
; J re ele? 3 
es anleasteintegexiem|s wl <ame< a 5 bsuch that Fy FS - and FS ) 
m m m 
are not all equal and, since a e P(a) , do not have pairwise the 


same intersection. It follows tae 4" € P(ab) 
Now we prove that ey © Q(ab)>. Let ¥* ‘and G* ‘be distinct 
members of Ei and let F and G _ be the generating sets. Since 
oe iia), nes + ™6 . Thus, if ie FNG, there exists sets 
GC" ic J; such that F'C F* and G'c G* . Moreover, since 
F,€ Q(b) , F'N G'+@ and hence F*N Ge +9. Thus FG *e Q(ab) 


This completes the proof of the lemma. 


We now complete the proof of Theorem 1.6.1. From Lemma 1.6.3 


and the fact that (3) = 10 we have for k> 2 
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and it is a simple matter to verify that (1.6.1) implies 


(1.6.2) Goes a0 


Now let n be an integer and write n in base 3. Then by (1.6.2) and 


Lemma 1.6.2 we have (using (2) = 3, $(2) = 6) 


n 
gs log n 
(1.6.3) W(n) > 10 
for some constant c and all n sufficiently large. Theorem 1.6.1 


now follows from (1.6.3) and Lemma 1.6.1. 


The recurrence inequalities obtained in Lemmas 1.6.1 and 1.6.3 
provide substantially better lower bounds for $(n,3) even for small values 
of n. For example if we take a= b= 2 in Lemma 1.6.3 we have (4) > 27 
and hence by Lemma 1.6.1, $(4,3) > 54 . Note that (1.1.4) yields only 
(4,3) > 16. If we take a=2, b= 3 we have (6) > 300 and consequently 


$(6,3) > 600 , whereas (1.1.4) yields only $(6,3) > 64 . 


If we define w(n,k) to be the largest integer for which there 


exists a family J of w(n,k) sets such that 


(a) each set has n_ elements 
(b) no k member of J _ have pairwise the same intersection 
(c) among any 5] +1 members of @G _ there are at least 


two sets which have non-empty intersection. 


then it is not difficult to prove 
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Lemma 1.6.4 o(n,k) > 2y(n,k) ewe, 1s odd 
o(n,k) > W(n,k)+)(n,k-1) if. k is even, 
The following family of sets shows that w(3,4) > 26: 


F = UD 2o 8) 501.254) , (1,255), (1,356)$(1,3,7), (1,458), (1,4,5),(1,5,6) 


(1,657), (1,7,8),(2,4,6),(2,4,7),(2,5,6),(2,5,7),(2,3,8), (2,6,8), 
(21758). (325,7)(3,658),(3,5,6), (3.4.7) (3,458), (3.4.5), (455-8), 
(Ae oe6) 057-8) bs. 


As we remarked previously, (3,3) = 10, hence we have 


Corollary 1.6.4 (354) > 36. 


In [1] Abbott has shown that 
o(atb,k) > $(a,k)¢(b,k) 


and this together with $(3,4) > 36 implies 


n 
36° La n= ot 
n-1 
o(n,4) > 3+36 : if n= 3t+l1 
n-2 
10-36 ° if n= 3t+2 ~, 


y 


which is a substantial improvement on (1.1.4) when k= 4 . However we 
have not been able to find any useful generalization of Lemma 1.6.3 to 
the case k > 3 which would lead to further improvements of this lower 


bound. 
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§1.7 An application to a problem in number theory. 


In [9], P. Erdés considered the following problem in number 
theory: Given positive integers n and k, n Bok = Ss 5 what 19° the 
largest integer f(n,k) for which there exists a set S of f(n,k) 


integers satisfying 


Cite Saul Ae eo er 


(tt) no k members of S_ have pairwise the same greatest 


common divisor. 


The problem of determining f(n,k) appears to be difficult and 
the upper and lower bounds which have been obtained are very far apart. 
In [1], H.L. Abbott proved the following: for every e¢>0O and every 
fixed ms and k., 


lo 


n 
£(n,k) a ee log log n 


provided n > n,(m,k,€) . In particular, by the results of the preceding 
section we have 


log n 


£(n,3) > 10 2(1+e) log log n 


fore n(&) , and-in general 


log (k-1) 
OOS nctte) log log n 


for n> n (ce). On the other hand in [9] Erdds has shown that for each 
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provided n is sufficiently large. In the case where k>o with n 


Leeici known thatetor 0 < a <1 a 


f(n,[n']) = ¢ n(1+0(1)) 
where ce is a constant depending only on a (see [9]), and that for 


Jer ‘ 2a+3 A 
noe < £(n, [log’n]) < foe 


Cro a2) 


provided n is sufficiently large (see [3]). 


In this section we wish to prove the following theorem: 


Theorem 1.7.1 For each fixed integer k > 3 and each e > 0 


Ste 
fies) f(a k) << a 
and fOr each 40> 0 oo. © >. 0 
o+l 
(137.4) f(n,[log n]) < a 


provided, in each case n is sufficiently large. 


It is clear that (1.7.3) and (1.7.4) give better upper bounds 
than those given by (1.7.1) and (1.7.2). We prove first the following 


lemma, the proof of which is a modification of the argument used in [9]. 
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greatest common divisor. Then for fixed k> 3 and ¢€ > 0 
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provided n is sufficiently large. 
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Here w(a) denotes the number of prime divisors of a and u is an 


integer to be specified later. Let 
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shows that 


|S, | = o(n ) = of2) 


Hence, for n_ sufficiently large, 


Gio so7) |s 


The theorem of Erdis and Rado [15] discussed earlier asserts 
that any family of more than u!(k-1)” sets, each set with u or fewer 


elements, contains k sets with pairwise the same intersection. 
Therefore we have 


(1.7.8) seers Cel). , 


and by (157 .i7) 
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However, a routine calculation shows that with 2 = [n ] and 
u = [log n/2 log log n] , (1.7.9) is false. This completes the proof 


St /.5). ine proor of (1.7.6) is similar to the proof of (1.7.5), 


except that one takes 2 = [n ] and u = [log n/(2+a) log log nj] . 


We omit the details. This completes the proof of the lemma. 


Proof .of Theorem 1.7.1 To prove (1.7.3) let Sc {1,2,...,n} be.a 
set of f(n,k) integers no k of which have pairwise the same greatest 
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common divisor. Let S = oi S; where m= [vn] and S5 consists of 
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those integers in S which are divisible by ie but by no larger square. 
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This implies (1.7.3). 
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choose n large enough such that if we take n 


the result of the lemma still holds. Then by 
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CHAPTER II 


A PROBLEM OF SCHUR AND ITS GENERALIZATIONS 


Oy ea ae problem of Schur 


A set S of integers is said to be sum-free if a,b eS implies 


a+b ¢ S (a and b not necessarily distinct). 


A well known theorem of I. Schur [25] states that if the integers 
1,2,...,[nte] are partitioned in any manner into n classes, then at least 
one of the classes is not sum-free. Accordingly we define f(n) to be the 
largest positive integer such that the integers 1,2,...,f(n) can be 


partitioned in some manner into n_ sum-free classes. 


ft is easy jto,verify that’ £(1). = 1.5 sf(2) =.4. and .f(3) = 13.. 
In 1961 L.D. Baumert [7] with the aid of a high speed computer, showed 
that £(4) = 44 . One of the many such partitionings of the integers 


1,2,..-,44 that he found is as follows: 


on 4 {1,3,5,15,17,19,26,28,40,42,44} 
pitt aby A en By a yap 4 hs Ne ts gE, 
C, = {456,13,20,22,23,25,30,32,39,41} 
ne {9 LOeLl ob 2 yh, Osc OWL O44, 3,30) 


The value of f(n) for n> 4 is not known and it appears very difficult 


to determine f(n) , even for n=5. 


In [25] Schur proved that 
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Defining g(m) to be the smallest number of sum-free classes into which 
Ehe intepers’ 1,2,... 5m can be partitioned, H.L. Abbott and L. Moser [6] 


showed that for all positive integers p and q 
(2.1.3) £(patg(p£(q))) > (2£(q)+1)P - 1 


From this they deduce that for some absolute constant c and all n 
sufficiently large 

n 

GazeG}iog n 
(2<1.4) f(n) > 89 ; 


which improves Schur's lower bound. On the other hand Schur's theorem states 


(28135) En) etn. eS) gi . 


In this section we obtain a lower bound for f(n) which is better 
than that given by (2.1.4). However, instead of studying f(n) directly 


we consider the following more general problem. 


Let £(n) be defined as follows: £(n) is the largest positive 
integer such that the integers 1,2,...,f, (n) can be partitioned into 
n classes, no class containing a solution to the following system, (S) , 


of ee. equations in O unknowns : 
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We will call such classes (S)-free. It is easy to see that £,(n) = f(n) 
That £(n) exists for k > 3 follows from the results of R. Rado [21]. 
Now define g,. (m) as follows: If £,.(n-1) <m< £.(n) , then 

g,, (m) Sie 2 ede: 8, (m) is the smallest number of (S)-free classes into 
which the integers 1,2,...,m can be partitioned. E.R. Williams [28] 


has shown for all positive integers p and q _ that 
Ds 
C297 96) £, (pate, (pf, (q))) > (2£, (q)+1) il 


This was proven analogously to the work of Abbott and Moser and reduces, 


anthe case k =.3, to their result (2.1.3). 


We now prove by a new method the following theorem which 


improves the results (2.1.3) and (2.1.6): 


Theorem 2.1.1 For all positive integers n and m 


£(ntm) > (2£, (m)+1) £, (n) + £, (m) 


Proof: Partition the integers 1,2,...,£, (m) into m (S)-free classes 


C),C5,++-5C, + Let 
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in Cd i fone os: D; . It is easy to see that AMB=@9@ and 
AUB= {1,2,...,(2, (m)+1)£, (n) + £,(m)} and thus we have partitioned 


the integers 1,2,...,(2£, (m)+1)£, (n) + £,(m) into mtn classes 


Cy Close e eC and it remains only to show that each of these classes 
is (S)-free. 
Consider first the classes Cy Cy oe- eC . If one of these 


classes, say C.. ;, contains a solution to (S) it is of the form 
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Where Sissies eka Le and 0" seb < £,(m) and where a belongs 
= oe S71 .S 5 6 ce $,t 
to D, for all possible choices of s and t. As in the previous case 
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Corollary 2.1.1 For all positive integers m and n 
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§2.2 Some applications to Ramsey's Theorem 


In 1930, F.P. Ramsey [22] published a combinatorial theorem 


which may be formulated as follows: 


Ramsey's Theorem Let n, k and r be positive integers with k>r. 
Then there exists a least positive integer R (kr) such that if 

s 2 Rk, x) » S is aset of s elements, and the collection of subsets 
of § with r elements is partitioned in an arbitrary manner into n 
classes, then there is some subset K of S with k elements such that 


the subsets of K with r elements all belong to the same class. 


Le) 
i} 
No 


In this section we shall be concerned only with the case 
We may then reformulate Ramsey's Theorem in this special case as follows: 
If G is a complete graph on R > Rik, 2) vertices and if each edge of 
G is colored in any one of n colors, then there results a complete 
subgraph of G on k vertices, all of whose edges have the same color, 


i.e. a complete monochromatic k-gon. 


Many studies have been done on R fk» 2) but the problem of 
evaluating this function appears very difficult even for small values 


of n and “k .°&P.’Erddés [10] *and H.L:*’ Abbott [2] have shown that 
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k 
This gives a lower bound of approximately Rue . On the other hand 


R.E. Greenwood and A.M. Gleason [17] have shown 
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and in the particular case k = 3 that 
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In this section we shall be concerned with estimating a lower 
bound for R fk 2) for some small values of k . In this direction the 


best previous results are those of Guy R. Giraud [16] . Giraud has shown 
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Here we shall improve these results. 
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Gi,-i-) + (io-1o) = (i ) 1<t<s<k-l 


is a solution to the system (S) in CL. » a contradiction. Therefore 


we have 
' 
(222 53) R(k,2) > £)(n) +2 


. ' 
Equation (2.2.3) together with the result of Greenwood and Gleason (25252) 
imply Schur's result (2.1.5). 


Theorem 2.2.1 For n>1, k> 2 and for some constant Ch dependent 


only on k 


Ete), ce, (2k-3)" : 


Proof: This is an immediate consequence of equation (2.2.3) and 


terotlary 2.1.5. 


Theorem 2.2.1 as opposed to the inequalities (2.2.1) and (2.2.2) 
is effective when k is small and n is large. The theorem could perhaps 
be improved substantially if some new estimates for £,(n) could be found 
for n> 1. Although one might conjecture that £,(n) grows like 
R(k32) we cannot obtain any useful estimates of even £,(2) . However 
in certain special cases we can improve the lower bound given by 


Theorem yaaa Dh i 
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Proof? This is an immediate consequence of (2293) and Coroltaryiei se: 


Theorem 2.2.3. For n> 2 and some constant c 


n 


2 
R (432) > Tes33 


Proof: Partition the integers 1,2,...,16 into the following sets: 


C, = {1,2,4,8,9,13,15,16} 


eat, 56s yt lb 2, Ase 


where Cc) consists of the quadratic residues of 17 and C, the non 


residues. 


From this partitioning it follows that £, (2) PulO<,) etnce.te 


is a routine matter to verify that C, and C, are (S)-free. 


The result now follows from (2.2.3) and Theorem 2.1.1. 


In a similar manner it can be shown that £ (2) 2 37. and 
n 


consequently R 0522) 226 75° for some constant c . However in [2] 


Abbott has shown for integers a and b > 2 

(2.234) R (ab-a-bt2, 2) > (Ri (a,2)-1) (R, (b,2)-1) op phe 
Taking a= b = 3 in (2.2.4) we have 

(2255) R (552) > (RL(3,2)-1)" + 1 


and in view of Theorem 2.2.2 we have 
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for some constant c. 


§2.3 A generalization of Schur's problem 


As was observed by R. Rado [21] the problem of Schur is a special 
case of a more general problem. Consider the following equation in 2 


unknowns xy 


Pes hes 


Pu EEF, 


‘a 
2.2.1) } axes. 0; 


where Ay rAn ores sy are non-zero integers. Rado called equation (2.3.1) 
n-fold regular if there exists a non-negative integer f(n) , which we 
take to be minimal, such that if the integers 1,2,...,f(n)+l are 
partitioned in any manner into n classes, then at least one of the 
classes contains a solution to (2.3.1). Equation (2.3.1) is said to be 


regular if it is n-fold regular for every positive integer n. 


One of the main results which Rado establishes is the following 
criterion giving necessary and sufficient conditions for an equation to 
be regular: Equation (2.3.1) is regular if and only if some subset of the 
coefficients has zero sum. Thus the equation xy S X_ — X3 = Gis | 
regular and it is easy to see that the problem of Schur consists of finding 
bounds for f(n) for the equation x + Xo — Xq = 0 . The problem of 
estimating lower pues for f£(n) for a number of regular equations was 


considered by H. Salié [23]. 
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+24, are positive integers. Suppose (2.3.2) is regular. 


Henceforth we assume that 


since otherwise 


Theorem 2.3.1 


satisfying 


€2 .333) 


and 


(2 23.4) 


where 


Let h(M,N) be 
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the least number of sets into which the integers 1,2,...,M 


can be partitioned, no set containing a solution of any of the equations 
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h(m) = min h(M,N) where the minimum is taken over all pairs M,N satisfying 


(2.3.3) and (2.3.4). Then for all positive integers n 


etsgsini sda dotdw ojmt e3ea to Yodawar jencit” wd? eg “at 


oo 


($.€.2£) seoqave semiesis sbdedly aad: ® «f 
sods scans ow d3x 
7 P * : a 
n 3 ba Beat be 
. &= < 3 \ » £& ™ 
{+421 ss {ey} z@ 


- Iie a8 0 = (a)i ssiwze 


= : 2 
M jet .1sged30k svisiaeg s ad @ Jad 


A > M > (matt<a) _ 7 ie 


dd 


sit to’ yas to noltjutoe s ant naketaoo joe on ,benotsis a“ 


A Y 
bas K I-A > u 7 I-A cre St 


ted 1a) rare > >touy at . 


>i 


49, 


f(nt+h(m)) > N,fi(m) + M, 


where N, and M satisfy (2.3.3) and (253:4) and h(M, »N,) = h(m) . 


Proof: Partition the integers 1,2,...,M) into h(m) classes 


Cy Co o++ + 9G, rn) satisfying the conditions given in defining h(m) . 


Let A'= {bN, +c lb ="0,1)...,£@)) c= 1,2,...,M,} . Partition A into 
! ! ! © ° ! ° 

h(m) classes Cc) 5c nicest by placing bN, te in C. Lio < C, 4 

Fartecion che integers 1,2,...,f(n) into n ‘classes Dy »Do.+++sD, none 


of which contain a solution to the given equation. Let 
Bi = {bN,-c | b = 12,425 tim se! = 0,1,...,N,-M,-1}. Partition B' into n 
! A] , ° a ° 
classes GrGnyel: Ch (mn) 422 ee Sere by placing bN, c in class 
1 ° ° ) Ves 
Ch (m) +i if be D, . It is easy to see that AN B ® and 
AU B= {1,2,...,N, £(n) +4, } and thus we have partitioned the integers 


7 ’ ! ! ° . 
1,2,...,N,£(n)+M, into h(m)+n classes Cy Coats 0h Cyan and it remains 


only to show that none of these classes contain a solution to equation (2.3.2). 


e : 1 ! ! 
Consider first the classes Cy Cases esGh Cay . If any one of these 


classes contains a solution to equation (2.3.2) it is of the form 


t X 
ye aah Nee PEE Ya. (b,N +c.) 
ver Tae jet4. 2 2 ere! 
wnere 0 < b.9="f{(ny“and 4 < cris Mo Hence we must have 
ae ar Be bags OE 
t R 
y = ) 
je Mace S24}? a cl® Creat 5 
Gelb i Viamint el wales 
t & 
But Ov<e } ajc, < AM, and O< ) a,c, < BM, - Therefore if 


« e RY “hes 


M+ (no) 2,8 < ( (a) deny? ae 


I 


i 


. Odd Vie pd bap (3.8. g) ‘bop (£.£.8) chee. e 2 
. i ‘ : 7 \ 


aseesis (ard otatk Me oP rt yi arogesnt edt notstizet 


4 
<a 7 


‘ojot ‘A cottioxet . {.M...., Sak = 3) 9Cape, daa we) re dae 


) 


Yana. 31 ,9 ai ot id SEE Ee Card er ie eoeenio bein 


snom G,....,.0.,0 esaesis Gime (st)? Pea wt het ersgotat odd ‘nok 
ts! .aoijsups mevig sa3-_o3 Rgraasan. g stesec - ‘ 


tis pies og FeO =o ,(n) ae o L-= rit apa 


eeaBplo my -~ Wd 3 tone * a) are as 
é [9 of 9 rf gnoiosiq vd okays nd <S4(@) wa 
Gad ie 2 


& = a Ps 
bia Y = &@ 1 A 3sdd sse 03 yese et | t 
y= = A. 


zisxsint edt bsdotstays¢ sved sw aud bas - { pitta)? jParrechell a A \ ’ 
i * <. 

| . gotsmes ti bas rp \ eres pave po Soames ovens d ojai pera), 

= : Oe ig (mM ) fi : oo fr , = 7s es : 
.(£,.€.8) nsottsups o3 mottulos s atsines sseaaio seodd to som teds 

' | to r es = ac 
sesiii to sno vis 71. 'Oeseeeaneld seeapio ef% tarki gebi 

(or) a Se = Tne re 


7 
mxot sdi3 to ef tf (8.8) sokiqupe. o3 noitviow's eatssaeo 9s 
, i _ 4 ree 


- 


4 =e. - 
{ 54 Y. - cf . z= i: > 2 4 
Coy eas g Ree” Ren | 


sved teum 935 S27 ash . Fe > 


& B ‘ ae 
: C4 bom) PP oo ca 


6.05 


A 
M,) < Ny <7 > we have AM, < AN, and BM, < BN, . Then by the 


definition of h(m) we have a contradiction. On the other hand, if 


A A é 
resi M < Ny fF dyey (M,+1)} then AM, < (A-1)N, and BM, < BN, and again 


by the definition of h(m) we have a contradiction. Therefore none of the 
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classes Oya 2 Gn) contain a solution to equation (2.3.2). 
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If any one of these classes contains a solution to equation (2.3.2) it is 
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which again is false if N < tS (M+1)} . Therefore none of the classes 
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Ch (m)+L? Ch (mn) +2? Sees ENO contain a solution to equation (2.3.2) and 


the proof of the theorem is complete. 


It is now easy to see that Corollary 2.1.1 follows from 
Theorem 2.3.1. In this case we are considering the equation x) + Xy = Ky 
and we may choose M, = £(m) N, = 2f(m)+l and thus h(m) =m. In fact, 


more generally, Theorem 2.1.1 can be deduced as a corollary to Theorem 2.3.1. 
Consider the regular equation 


(273-0) 2x, + x» = 2x, : 


H. Salié [23] proved that for equation (2.3.6) £(n) eer hs - 1 and 


H.L. Abbott [2] improved this result to 
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57 Cc log n 
€2.,3. 7) f(n) > 40 


for some constant c and n_ sufficiently large. Applying Theorem 2.3.1 
to equation (2.3.6) with m= 2, M, = 9 and N, = 12 we have that 
h(2) = 3. as may be seen by the following partitioning of the integers 
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= { = = {3,4,9 
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Therefore Theorem 2.3.1 implies that for equation (2.3.6) 
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for some constant c which improves (2.3.7) considerably. 


Salié [23] also proved that £(n) were - 1 for the reeular 
equation xX, +X) + x4 = 2x), and Abbott [2] improved this to 


womee elor: fi 
£(n)oae10 for some constant c and n_ sufficiently large. 


Ww |s 


Theorem 2.3.1 may be used to improve this result to 
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bo 


for some constant c. 


Clearly estimates for f(n) for many regular equations can be 
found in this manner. However the difficulty in determining h(m) may be 


as difficult in general as determining f(n) itself. 


§2.4 A problem of Turan 


Schur's theorem can be generalized in other directions. One such 
generalization is the following question raised by P. Turan [26] : If n 
and m are positive integers, denote by f(m,n) the largest possible 
integer such that the integers m,m+l,...,m+f(m,n) can be partitioned into 


n sum-free sets. What can be said about f(m,n) ? 
It is clear that 
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2.4.1) f(m,n) < mf(n) - 1. 
Using (2.1.5) we have 
f(m,n) < m[nle] -m-1. 


Turan considered the function £(m,2) and proved that f(m,2) = 4m-1. 
H.L. Abbott [2] observed that in fact we have equality in equation (2.4.1) 


Pore m= | s2. 3° sand that 
£(m,n+1) > 3£(m,n) + m+ 2 
and consequently 
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S. Znam has also studied the function f(m,n), [29], but does not obtain any 
improvements on the results of Abbott. In [2] Abbott asks whether there 


exists a constant c > 3 such that 
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f(m,n) > me 


for all m and all n _ sufficiently large? We can now answer this question 


in the affirmative. 


First we prove the following: 


Theorem 2.4.1 For any positive integer n , define g(n) to be the 
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(234.3) 


We will call such classes strongly sum-free. Then for any positive 


integer m 


g(nt+m) > 2f(m)g(n) + £(m) + g(n) 


where f(m) is the Schur function for the equation x, + X) = 3 - 


Proof: Given a partitioning of 1,2,...,f(m) into m _ sum-free classes 


Al; porte oA, » partition the integers 1,2,...,2f(m) +1 into ml 


classes Bi oBooess Bia as follows: 
oo {2a '|\#a*e A,} PT=—1e2 ee. ,m 
B tl @5{193 5,85. 528Gn) + 1} 
The classes B. » for d= 1,2....5m. are strongly sum-free and B tl 


is sum-free. 


Partition the integers 1,2,...,g(n) into n_ strongly sum-free 
classes C1 Ca o++ 250, . Construct mt _ classes D, OME Rimes RPA heat! 


as follows: For j = 1,2,...,m 
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Then the classes DysDoseeesDe contain the integers 
1,2,...,2f(m)g(n) + f£(m) + g(m) and it remains to be shown that they are 


strongly sum-free. 


Suppose that for some j , 1 “Si ode, ee is not strongly 
sum-free. Then either 
Graf. 4) (2a)-1)g(n)ta, +b, +(2a,-1)g(n)+a,4b, = (2a,-1)g(n)+a,+b, 


or 


(2.425) (2a,-1)g(n)t+a) +b, +(2a,-1)g(n)+a,+b +1 = (2a,-1)g(n)+a,tb 


2 S| 


where in each case € and, 0 <eb bash f(n) . Now 


By eg on fee ine 


(2.4.4) implies 


(2.4.0) (2g (n)+1) (a, +a,-a3) = g(n)+b,-b,-b, 


Since a is sum-free, ay + a, - a3 + O . Therefore the left side of 
(2.4.6) is at least 2g(n)+1l in absolute value, while the right side is 
at most 2g(n) . Hence (2.4.4) cannot hold. A similar argument shows 
that (2.4.5) cannot hold and thus * is strongly sum-free for 


te bes 2g Rs 


Now suppose some class ae so 4355 <4 is notstronely 


sum-free. Then either 
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(2.4.7) implies 


(2.4.9) (2g (n)+1) (a, ta,-a,) = b,-b,-b, 


But, since bj, »b5.b3 € oF > (2.4.9) implies “a, + a,.- a, = 0 and thus 


i 2 3 
by + b, = b, which contradicts the definition of g(n) . A similar 
argument shows that (2.4.8) cannot hold. Hence De is strongly sum- 
free for |j = 1,2,,..,n , and the theorem is. proved, 


Theorem 2.4.2 For any positive integers m and n 


F(m,n) > mg(n) - 1 


Proof: Partition the integers 1,2,-..,¢(n) into n strongly sum-free 
classes Cy Coser e se. . Now partition the integers m,m+1,...,mg(n)+m-1 
into n_ classes Ci; Cy» ety Cc by placing amb in Ci whenever 


aye C, , Wierda age thg2sitates @)ietandedb) {0 fb391.1;m51 2. 


Suppose from some j , 1<j<n, a is not sum-free. Then 


we must have 


(2.4.10) a,mtb, + aymtb, = a,mtb , 


where A, 245243 & C, and 0 < b,>b,,b, < m1. Equation (2.4.10) implies 


(24,11) m(a,ta,-a,) = b, - by - b, "3 


But, since C, is strongly sum-free, the left hand side of (2.4.11) is 
q 
either at least m or at most -2m. It now follows since 


0< b,»b5>b, <m-l that C. is sum-free and the theorem is proved. 
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We may now obtain a much stronger result than that given by 


C2242) 


Corollary 2.4.1 For any positive integers m and n 


f(m,n) > m(3f(n-1) + 1) - 1 


Proof: Let n= 1 and m= n-1 in Theorem 2.4.1 and we have 


g(n) > 3£(n-1) + 1 and the result now follows from Theorem Pps ae 


Corollary 2.4.2 For any positive integers m and n 


3} 


f(m,n) > cm 89 


> 


for some absolute constant c. 


Proof: This is an immediate consequence of Corollary 2.4.1 and 


Corollary, 2.1.2. 


§2.5 Some related questions 


An analogous problem to that of sum-free sets is that of product 
free sets, i.e., what is the largest positive integer 2&(n) such that 
the integers 2,3,...,2(m) can be partitioned into n classes, no class 


containing a solution to the equation XX = X3 ? %It is easy to see that 
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(225 .15 2 ex Wat < 2 1 


where f(n) is the Schur function for sum-free sets. 
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If we partition the integers gaio2 942862) into n classes 


Cy Case es, » where g(n) is the function defined in Theorem 2.481, 


k P 
and*place ©2 °+'j°"iIn"cfass Cc, whenever ok € C, andi g°= Ot. von 52 oe es 


then it is easy to see that 


Theorem 2.5.1 For any positive integer n 
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Corollary 2.5.1 For any positive integer n 
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These results clearly are substantial improvements of (2.5.1). 


We now consider an analogous problem in set theory: Given a 
positive integer n , what is the minimum number, k(n) , such that the 
2” subsets of a set S of n elements can be partitioned into k(n) 


union-free classes? 
Consider the following partitioning of the integers Toe oak : 
hoy et i lee Or es 


C, = {2(i-1) ,4(4-1)41,8(4-1)43,...} 4 = 2,3,...,15)41 


If we now place all the subsets of S of order k ina class Ci when- 


ever ke Cc. it is easy to see that 


(2.5.2) kG 2 pdt 
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On the other hand, D. Kleitman [18] has shown, for some constant c , 


that no union-free class can contain more than c Subsets of SS. 


Sy |Ns 


Therefore it follows that 


(2.5.3) k(n) > ec vn 


for some constant c. 


At the present time we have not been able to improve either of 
these results even though one might expect k(n) to be closer to (2.5.2) 


fvian tor (272.9). 


One can also raise similar questions about sum-free sets in 
Abelian groups. Let G be an Abelian group of order n and denote by 
£(G) the least number of sum-free sets into which G - {e} can be 
partitioned and denote by f(n) the maximum of f£(G) where the maximum 
is taken over all Abelian groups of order nn. Then the orginal Schur 
argument can be modified to give 


> flog n 
f(n) > log log n 


for some constant c and all sufficiently large n. 
We can prove that 


f(n)-<.¢, foe n 


i 


for some constant cy and all sufficiently large n . We have not been 


able to sharpen the bounds given above. In fact we cannot even evaluate 


£(G) for Abelian groups of "small" order. 
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CHAPTER III 


ON A PROPERTY OF FAMILIES OF SETS 


SS.n Property @ 


A family 3 of sets is said to possess property ® if there 
exists a set B C U@ such that BN F+Q@ and BDF for every 


Fe G 


Several well known theorems are related in some sense to 
property © . For example, a theorem of van der Waerden [27] states 
that to each positive integer k > 3 there corresponds a least positive 
integer w(k) , such that if the integers 1,2,...,w(k) are partitioned 
in an arbitrary manner into two classes, at least one class contains 
an arithmetic progression of k terms. P. Erdts [10] pointed out that 
van der Waerden's theorem can be formulated as follows: Let eae 
denote the family of all arithmetic progressions of k terms contained 
in the interval [l,w] . Then there exists a least positive integer 


w(k) such that if w > w(k) , then wine. does not possess property 8 


Ramsey's theorem can be used to prove the following (see [2] ): 
Let s > R,(k,r) and let. S be aset of s elements. Let K bea 
subset of S with k elements and let F be the set whose elements 
are the (8) subsets of K with r elements. Let abs be the 
family of all possible sets constructed in this way. Then Faye: does 


not possess property © . 
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There have been several papers written about families of sets 
which do or do not possess property @ . The first papers on the subject 
were devoted primarily to the study of infinite families of infinite 
sets. However, as was pointed out by Erdés and Hajnal [14] several 
interesting questions can be asked about finite families of finite 


sets. 


Erdés and Hajnal posed the following problem: What is the 


smallest integer m(n) for which there exists a family, oe, 5y Ok 


sets A_,A 


1 92°°7 4a) such that A, | =n for) 2] 1,2,...s8(n) “and 


which does not possess property ® ? They observed that m(1) =1 , 
m(2) = 3 and m(3) = 7. That m(2) < 3 and m(3) < 7 follows from 


the fact that the families 


F, = (1,2), (2,3), (1,3)} 
and 


J = {(1,2,3,),(1,4,5) 5(1,657), (24,6) ,(2,5,7),(3,4,7),(3,5,6)} 


do not possess property © . By trial and error one can easily show 
that m(2) > 2 and m(3) > 6. The value of m(n), for) n> 4, is not 


known and appears very difficult to determine. 
H. L. Abbott and L. Moser [5] showed that 
a 
(3.121) m(ab) < m(a)m(b) 


for all integers a and b and from this deduced that for every ¢e > 0 


(3.152) n(n) = 0(77 + €)” , 
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and that 
A 


lim m(n)” 
noo 


exists. Erdts [11] proved that, for all n> 2 


m(n) > lie 


and by more complicated arguments he was able to prove that 
n 
m(n) > (l-e)2° log 2 


for every ¢« > 0 and _n > noe) . The best lower bound that has been 


obtained up to the present time is the following due to W. Schmidt [24] : 


gh nqyon 
m(n) = CH 
More recently Erdjs [12] proved that for all n 


any ete gat 


and that for every «> 0O and n_ sufficiently large, 


m(n) < (lee)n? lie foe ar 


It follows easily from these results that 
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lim m(n)" =2 . 
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In [12] Erdjs raised the following question: Let N > 2n-l 
and denote by m, (n) the smallest positive integer for which there 
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such that JA, | =—nmsfor 464 el as » and which does not possess 
property @® . It is not difficult to show that 
2n-1 
ae ee ; 
n 


and it is clear that if N is sufficiently large 


m, (n) saan) 


In [13] Erdés proved that 


n 
n-l a 
Moy (2) > Myy(n) > 2 Wt aoa. 
=O 
and 
n ae al 
sos a jeg sn Eh 


This problem suggests the following question raised by Erdés 
in [13]: What can be said about m, (n) if we impose the condition 
that || =N and if } is a proper subfamily of and 
lu SF] <N then <}' has property @® ? Here there are two questions; 
first, do such families exist for given integers N and n_ and secondly, 
whenever such families exist, what can be said about their size? It 


is to a slight modification of this problem that we devote this chapter. 


ee A problem of P. Erdits 


In [13] Erdés posed the following problem: Let n and N 


be positive integers, n> 2 and N> 2n-l1 and let S be a set of 
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N elements. What is the least integer m, (n) » (provided such an 
integer exists), for which there exists a family G of m,(n) subsets 


of S_ satisfying 


(a) |F| =n fer each F eF 
hp SU t=) 
(c) J does not have property @ 


(dee tet sop oF. and: jh} 4|<N then F' has property 6 


Erdés pointed out that M41 (2) = 2t+l and that m, (2) does 
not exist if N is even. This is just a restatement of the fact that 
the only critical three chromatic graphs are the odd circuits. We shall 
prove that m, (n) exists for all n>3, N> 2n-1 , and obtain some 
upper bounds. However, instead of studying my (n) we shall consider 


the function my (n) which is defined in the same manner as m, (n) except 


that (d) is replace by 
(6) It-3 _ is a proper subfamily of GY then YF’ has 


property ©. 


It is clear that the existence of m¥ (n) implies the existence 


of m,(n) and in fact m, (n) < m(n) . Further we note that 
m(n) = min my (n) 
N 


Theorem 3.2.1 If m (a) exists, then for every positive integer b , 


* ‘ d 
Mm at2b-1 (at?) exists 


Proof: Let 4 bea family of my (a) sets satisfying (a), (b), (c) 


and (e) . Let T be aset with at+t2b-l1 elements. We assume that T is 
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disjoint from every member of ¢ . Let 4+ be the family of b-subsets 


of T and let £ be the family of atb-subsets of T. Let 
Gh he ac. net, Gee or Fel, hex | 


It is clear that each member of 4 has atb elements and that 
|UG| = Ntat2b-1 . We need to show that G satisfies (c) and (e). 
Suppose ~{ has property @ . Then there exists a set BcU®G 
such that"0'< |B a) F | < atb for every Fe@G . Since & does not 
have property ® , either there exists a set G, % such that 
BN G, = 9 or there exists a set G, e 4 such that’ B> G, '/ How- 


2 
ever BN G, = @ implies BN H+ 9 for each He# . Hence 


|B nN T| > -atb and BDL “for some. Le £ >». This is a contradiction 
and therefore BM G, = @ is impossible. Also BML#9 for all 
Le implies |BMT| > b and hence BD H, for some H, € tps 
Thus B> Gy is also impossible since it would imply B> H, U Gy ‘ 


Hence 2G _ does not have property @ 


Let <q! be a proper subfamily of G . We need to show that 
there exists a set B such that 0 < |B nN F| < atb for all Fe @G ty 
Let Ac F - F'. Suppose first that A=G,U H,, G ©& q , H, € Fe. 
Since 4 satisfies (e), there exists a set B, © U 4 such that 
r= [879 Gi< a sfor -all Satay aire AS Set B=H,U B, . Then 

' 
clearly —0 -< |B M F| < atb for all Fe} . The only other possibility 
' 
is that Ac #£... Then one can take B=A. It follows that @ has 


property ® and the proof of Theorem 5.21 ie complete. 


Corollary 3.2.1 mé (n) exists for all n> 3 and N>2n, N _ even. 
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Proof: As was pointed out by Erdis, Gy rexivts tor all Sto) . 


* 
borat 


If we take a= 2, N= 2t+l in Theorem 3.2.1 we see that (b+2) 


* 
m2t+2b+2 
exists for all bol, t>1. This’ clearly implies the corollary. 


Theorem 3.2.2 (3) exists for all t teh 


* 
ttl 


Proof: Let a be a family of m (2) 2-subsets of a set S of 


* 
2t-1 
2t-1 elements satisfying (a), (b), (c) and (e) . We may assume 
eae lel. ice and ta = CIS DMIs), Coe Sy ee ots (Leith) see's 

(Zr 2eete 1) .(1,2e-1) that “is;*the-sets ing" “form the edges” or “an 
odd circuit. Let YG _ be the family consisting of the following sets: 
Os ec Uh) fa.b,1),fajb,2) 1a,b,31,11,2,3}, where. Ge  -and 


a,b ¢ S . To prove the theorem we must show that FY _ satisfies (c) 


and (e) . 


Let BcCU@Z _ have non-empty intersection with each member 
pee if 4'ctR sand) b ¢® yihen, since. BM 11,2,3) + @ , B must 
contain one of {a,b,l}, {a,b,2} or {a,b,3} . If ae B and b¢B 
then BMG + ® for each Ge & . Since ¥ does not have property GB 5 
BO G, for some GC, e & . Hence B> CG, Wear: Finally if a ¢ B 


‘% 
and b¢B then B> {1,2,3} . Thus 4 does not have property 6 


Let ' be a proper subfamily of FZ andlet Ac G-gF'. 
We need to show that there exists a set B such that 0 < IBN F| =< 3 
fox all= Fe 7 . If A= G, U {a}, G, © & , then since 4% satisfies 
(e), there exists a set B,C U & such that |B, 9 G| = 1. for each 


Gic g - {G, } and | BL G, = §. Since at least one but not all of 


1,2,3 belong to B, we may take B= B,U ib} 3 “Then 0/<) (BG prises 
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for all Fe 3’ . The case A= G, U {b} can be disposed of in the 
same way. If A is one of {a,b,1}, {a,b,2} or fa,b,3} we may 
choose B=A. Finally if A = {1,2,3} we may take B = {a,b} 


It follows that @J' has property 6 


Corollary 3.2.2 m¥ (n) exists fom, n m3,.and No 2osl.. iN odd, 


Proof: The case n= 3 has been taken care of in Theorem 3.2.2. 
For n> 3 take a= 3, N = 2t+l in Theorem 3.2.1. This shows that 


* 2 . 
MF 49443 0bt+3) exists for b> 1, t > 2 and hence Corollary 3.2.2 holds. 


From the above results we obtain that m¥ (n) exists for all 
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n-2 n 
= (Gz) 
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2 (N-2n+4) +{ smette Ne iagodd, n> 4. 
n-3 n 


Theorem 3.2.3 If K> 2k-1 and L> 2k-1, then 


mf, (Ick) < mg (Ke) (ma (2))' 
provided mg (k) and mé (2) exist. 


Proof: Let Fy = {Ay Ag s+++ >Ana (Ky? be a family of sets satisfying 
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satisfying the definition of m* (£) . We assume that the sets in GF 


are disjoint from the sets in F a Hea, a + m . Choose 


is) 


A, = (x, Kp gree Ky }e F,. and from each of the families 
2 k 


Fy ar ti eet a Q pick a set B. The union of these B's 
1 2 ke 


is a set consisting of k% elements. We shall say that such sets are 
generated by the set A. © alet PI De the family of all possible sets 
constructed in this manner. Clearly there are mg (k) (me (2.))' such sets; 
|U F | = KL . Suppose GD has property @ , i.e. there exists a 

set BC U 3 such that BN F+@ and BF for each Fe F 


There are two cases to be considered. 


Case l. Tnerelexistet At = Uk. 4X) .2s0;%.) © S. such that B has 
—— af i,’ i, i, k 
non-empty intersection with each member of each of the families 


sate ab We Sie! - Then B contains at least one member of 


each of these families and hence contains a member of @G. 


Case 2. In each A. S J, there is an element which we denote by 


Xan such that B has empty intersection with one of the sets in 

Z 
os , “taberee i= {xr | i= 1,2,...,ms(k)} . Then TNA + 9 for 

wg 2 
each Ace Fy . Thus werute = Les %, penne +7? for"sone” J, 

: Lh k 
Pena ES mé* (k) . It follows that B has empty intersection with at 
least one of the sets in each of the families 7. re S ewes 
j, 2% ~d_>% J,>% 

and hence has empty intersection with at least one Fe G. This 
contradicts the assumption BN F + 9. for each F.¢ 3.., lt follows 


that 24 does not have property 6 
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ft remains to show that any proper subfamily J' of GF 
Nes pLoparty @o 4 Leh Ae F — <7 “and assume that A is generated 


by A, for some 1°, 1 <'i < me (k) » By the definition of mz (k) 


there exists a set B' such that B' n A, = OO BY AS = ¢g and 
a, 


1 e . 
Bas A, fomeati jot Ja. Lets B' ux {x, pK og sees XK jel UFor 


1 2 2 
each of the families Fy 5 J = lope, ss; t | “choose alsav ge 
J 5% j 


such that Be Mae + @ for all Fe Je Them. i¢ 
J Iss 
BL =U B. j B, nN F + () and Bi > F for all Fe # not generated 


by A, . Now consider those Fe @G generated by A; - Since 


F. for some Fy AS a ty = ly 2 ee eee ke chiara 


! ' 
exists sets Braj eai "bs 2, «.’yuke, sauch that Be oe + Q@ and 


j j 
Weve a forall ric =i1k &@ and B' “g@A= 6  . ‘When 
at te aL ii 
J jak j2% & 
B. =U Bi is such that B. has non-empty intersection with every 


j 
set generated by A, except the set A , and B, contains none of 


these sets. Clearly Bi B, = @ and hence if we choose B= BL U B, ; 


the set B shows that ' has property 6 


The first half of the above proof is essentially that used 
by Abbott and Moser to obtain the inequality (3.1.1). This inequality 
can readily be deduced from Theorem 3.2.3 as a consequence of the fact 


that m(n) = min my (n) and from the existence theorems already proven. 
= 4». I 
Theorem 3.2.4 mon (2) < nm¥(n-2)+2 df nm is cada 


Proof: Let 4 be a family of my (n-2) sete, satisfying (a), (6), 
(ey and: (6). Let F, = {21-1,2i1} and tet # = iF, | i-= 1 244k 


Let “& be the family consisting of all sets of the form {aj says+++,a } 


7 
/ 3 aa 
Yo & ylimatdue teqgotq yas 3ss2 wore os ectamas 32 


> 


’ . : > ty 
bsjszsnsyg 6: A Jad3 smueas bas % - C3 A tol 


) ; is 2 ip | in we sae 
(i)am Ao gofdiniteb eda yf «. (Atm >t >t . f smos 102° 


ae a _ . } 
bar WH An a, = An ‘8 tsda-dove “8 teas eae: sied3 : 
a : ; t ) 
tc ‘/* 
a ae ak *t Ils ot ~j At" 
& ie 
3 os I 


& Ise 5 spood> , 3 a. ae bis i estiiust sid to. ne. 


i nedT. . — 2@ &@ «Lis. ¥e2 Q¢ an & reds dove 
( .. ee 


sonke 4 yd besevensg < 3 1 spedzs isbtanes woll 
= 3 
S350 1M aides ae et * 5 ~*% «2 re emoe x07 37 
2! 2 ; 1 
' t 
bos QQ 4 4 8 edo dowa , A poow oh Gt WE, =, e392. a3 
fe r ~ t — 
t a a " 1, . 
. r . coil - A a ta 
nodt . « = A~n ‘& Das ah - > a Geis robrotiee + 
a ) _ ~ th i 
L eL aet 


yisvs dtiw sokjosezaini yiqme-non asd .f 28d3 dove ef be: 
+ = > = 


os ai + 


2 
> 


lo ssom énisimos ,.&@ bos, A Jee od3 tqeoxs . 
7 * 


i 


& -sa00i> ow ii osnsd bas § = .f 0 ft ene 
. @& . Seteqotq aad “© sed swore. ‘ ' 
beeu tsd2 ylistansees ef Toorq svods siz to Bed 2 jan ‘aT 


yaifsupeot etait «Ci. I, é) ah ny. stg3do og resale 


jast siz to o sossupsaneoo 6 a& E.%. E m3" sod? sox ae beat 
+ a 


ie, 


24. 


where a, € F. and a, = 2i-l1 for an even number of values of i. 


We may assume that G/ {1,2,...,2n} =@ for all Ge 4 . Finally 


let 


JF={F|F=GuUH,Gef,He#H or FHL,Le£L}. 


It is clear that the number of sets in ZY is n m¥ (n-2) ~ as and 


that |UG| = N+2n. It remains to be shown that J _ satisfies 


conditions (c) and (e). 


Let B be any set such that Bf) F + @ for each. Bis Ga. 
To show that JY does not have property @® we must show that B_ contains 


amember of 7 . 


Case l. For geome. i <and 4 , BOF, and Bee eee 


BN F, = @ implies that BM G+ for each Ge $ . Since 
4 does not have property ® , B> G, for some CG, 2 4 - Hence 


BOG, UF, , that is B contains a member of J 


Case 2. For some, iy , Bar Fy © BN Fil 21 for all j 


We may assume without loss of generality that B > FioFos ess een 
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Case 3. IBN ERs Sor alle iy BMnek t= for some j 


In this case B » the complement of B with respect to 
{1,2,...,2n} , satisfies the conditions of Case 2. Hence B contains 
a member of J and thus B is disjoint from a member of 3 which 


contradicts our assumption that BN F + 9 forleach Fie Ss : 


Case 4. IBN F, | we] for -abloat « 


We may assume Bf es ett) #for Geer 2,...,t'* and 
BN Fy = {2i} fOre i= ttltt2. 3. ont. If t is even then: B 
Contains—11,3,.:. ,2t=1,2tt2,...,2n} , d.e. B contains a member of: J 
If t is odd, then since n is odd B is disjoint from 
Wet oe eee 2th. sees i.e. B is disjoint from a member of 


<+ and this is impossible. 


Since there are no other possibilities, {+ does not have 


property 8 


Let 3' be a proper subfamily of G . We must show that 
there exists a set B such O < |BN F| <wuvefoteall Fiews = shee 
Ae F - GF . Suppose first that A=G,UF,, G € 4 . Since ¥ 
satisfies (e), there exists a set BL C U*¥ such that 0 < |B, G| < n=2 
for all Ge § - {G,} . Moreover we may assume B, > G, (for if By Ga 
then we must have By al G) = $ and instead of choosing By we choose 


By , the complement of B, with respect to # ). Let B= B, UF, - 
Then it is easy to see that 0 < IBN Fl cingytorsall) (Fee G' . The only 
other possibility is that Ae £. In this case we take B=A. Then 
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B(\F = @ implies F=A , the complement of A with respect to 
{1,2,...,2n} . But. A contains an even number of odd elements and 
since n is odd, A must contain an odd number of odd elements and 
hence A¢ JY. Therefore 0 < is Ger <sne for all ‘Fre @* wand 


F' has property © . This completes the proof of the theorem. 


Corollary 3.2.4 m(5).< 51 and m(7) < 421. 


Proof: It is easy to see that m4 (3) = 7 , hence 


ou: 


tl 


* 
m¥ (5) < 557 + 16 
and 


421. 


* 
ms,(7) < 7.51 + 64 


The best previous results known are m(5) < 126 and m(7) < 708. 


Theorem 3.2.5 mn Si m¥ (n-2) + gnzt + see if n is even. 


Proof: Let 4 be a family of m¥ (n-2) sets satisfying (a), (b), (c) 
and (e). Let le {2i-1,2i} and let # = Shh mi 34152¢h.. jaleeeenec 


1 be the family of all sets of the form {1,a,,455--+sa)} where 


a, € F, i’ FS saat ae 9 be the family of all sets of the form 


{2,a a} where a, € F, and a, = {2i} for an even number of 
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It is clear that the number of sets in g ds en my (n-2) + gui + gn-2 


and that lUF| = N+2n . It remains to show that 3 satisfies conditions 


(c) and (e). 


Let B be any set such that’ Bf F + @ for‘each “Fie @& 2 To 
show that ZF does not have property 6 we must show that B contains 


a member of JG . 


Gasechie!ipFon-somea efand.j., IB > Fy and. (Bal oF, ca a: 
a) 


Boy des ® implies that BN G+ foreach Ge $ . Since 
4 does not have property ® , BD G, for some Gy € Ly - Hence 


eee GU Fe » that is, B contains a member of GF 


Case 2. For some i , BOF, ,; and?.for ait 24%, BAF, | 21. 


If le 8B then B contains a member of Ay . Therefore we 
assume 1¢B and hence 2¢8B and i + 1. Then B contains a set 
of the form {2,a,,a35+-+5a} where y € FE, 5 Re a = 2j for an 
even number of values of j then B contains a member of ee 2° ib 
a, = 2j for an odd number of values of j and if ie 2i. (respectively 
2i-1) , replacing 2i by 2i-1 (respectively replacing 2i-l by 2i) 


we now have that a, = 2} for an even number of values of j and again 


B contains a member of & 2° 


Case 3. IBN Rf < Bffordall Hr, sland? BQ F, = for some j 


In this case B , the complement of B. with respect to 


{1,2,...,2n} satisfies the conditions of Case 2. Hence B contains a 
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member of 2D and thus B is disjoint from a member of 3 which 


contradicts our original assumption that Bf F “ 0 “formal le hee 


Case 4. IBA Ei Se Legtor sali wie, 


As in Case 2, if 1e¢«8B then B contains a member of 3 . 


Therefore we may assume that B contains a set of the form {2,a,,a ates 


Bp Ok 


where a, € F yl PL a, = 2i for an even number of values of i then 


B contains a member of & > ° 1bae a; = 2i for an odd number of values 
of i then B is disjoint from the set {1} u (F,-fa,) i uF -fai}) 


which belongs to & 1 and we again have a contradiction. 


Since there are no other possibilities, 2 does not have 


property 6 


Let <=’ be a proper subfamily of 4 , we must show that 
there exists a set B such that 0< |B/M F| <n for all Fe om 
Let Ac FG - GF’ . Suppose first that A=G,U F,, G, © 4 . Since 
Z satisfies (e), there exists a set By < U¥ such that 
D ox [Bn G| <n-2 for all Ge 4 = {G,} . Moreover we may assume 
Be 1G as in the proof of Theorem 3.2.4. Let B= B,U F. . Then 
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it is easy to see that O< |BN F| <n forall Fe #'. 


Now suppose A = Ly R Ly € £4 and A= {1,a5.43.++-,a 3 
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tet B=A. Then clearly |B AF) <n for all Fe 3 « Moreover 
BnF = O Stor alter. S 7 Or BaF = 9 Amplies that F is” A; 
the complement of A with respect to (le? cee 2s . > But . A. has uan 


odd number of elements 2i, i> 1 and no such sets belong to @F 


Finally, suppose Ae Ee! li ose Aw Leta 8 =a 4 dp 
and if 4c¢A let B=Au {3} . Then clearly BnF#@9 for all 
Peewee) If B= 8 ‘for some’ oF ¢ 3’ then F must belong to A 2? 
but then F =A , a contradiction, since A¢ YF. Hence ZF’ has 
property @® . This completes the proof of the theorem. 


Corollary 3.2.5 m(4) < 24 


Proof: Since ms (2) = 3 , we have by the above theorem 
* = 
m¥, (4) <4.3 +8 +4 = 24 
The best known previous result was m(4) < 26. 


The final theorem we will state in this chapter is quite 
weak for large values of n and N , however it is useful to estimate 


m* (n) for small values of these variables. 


Let L be a family of m5 (n-1) sets satisfying (a), (b), 
(c) and (e) . Let. T = {N+1,N+2,...,Ntm-1} and S = {Ntn-1,Ntn,..., 
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Now let 


Je {Fl[F=Gu it}, Ge4,teT, F=TU {s}, se S or F=S} 


Using this construction, and by successively replacing elements of S 
by elements from UF » Wwe can prove the following theorem by 


similar methods to those used previously: 


Theorem 3.2.6 For -n a2 and, # ="0,1,7..,n-1 


mF ae 6) < (n-1) my (n-1)+n+1 


Theorem 3.2.7 is useful in estimating m¥ (n) for small values 


Of) trance Nins 


In conclusion we mention some problems related to my (n) which 
we have been unable to settle. For fixed n , for what range of values of 


N is m¥(n) decreasing or increasing? Secondly for fixed n , does 


ms (n) 


N exist? It follows from our results that there exists 


does lim 
N > © 


constants a and bd, such that for all N_ sufficiently large 
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a < oN ab 


n N n 


since for 4m > 3), my (n) exists for all N> 2n-1 , it is 
natural to ask the Poll ouihe question: Does there exist a countably 
infinite family # of sets, each set with n elements such that fF 
does not have property @® but every proper subfamily does? That such 
families do not exist was proved by Erdés and Hajnal [14}... ‘in fact 
they pointed out that if # is a countably infinite family of sets, 


each set with n elements, and if every finite subfamily of a has 
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property © , then so does 9 . This result may also be proved using 
Kénig's ‘lemma of infinity' [19] 


The following is a table of estimates of m* (n) for certain 


values of n and N _ obtained from the theorems of this chapter: 
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